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EFFECT OF ROTOR-TIP SPEED ON HELICOPTER HOVERING
PERFORMANCE AND MAXTMUM FORWARD SPEED
By F. B. Gustafson and Alfred Gessow

SUMMARY

A smecific study was made of several sam»ple heli-
conters in order to evaluate the effect of rotor-tip
speed on hovering performance and limlting forward speed.
The purpose of this study was to determline whether hoverling
performance could be increased by the use of lower tip
speeds without undue sacrifice in maximum forward speed.
The types investigated were: (1) a helicopter typlcal of
current conventional design, (2) a similar machine of
lower solidity than the first, and (3) a relatively high-
powered, cleanly desligned "high-speed" helicopter. The
effects of blade twist and of blade-section stalling angle
of attack on 1limiting forward speed are discussed. 1In
each case the limlting forward speed was determlned as
the speed at which the tip of the retreating blade reached
the stalling angle. Limiting angles of attack of 12°
and 16° were investigated.

A study of the "tyvilcal helicopter indicated that
improved hovering performance could be obtalined with no
15883 1n meximum speed by the use of lower operating tip
speeds at the maximum power output of the englne. This
reduction in tip apeed and the resulting reduction in
limilting forward speed did not cause a corresponding
reduction 1n the maximm forward spéed of the hellcopter,
Inasmuch as the operating tip speed before reduction was
higher than that necessary to prevent tip stall at the
maximum Fforward speed as fixed by the englne power
avallable. The 41dmprovement in hovering performance 1s
relatively small, however, unless advantage 1is taken of .
blade twist and of airfoll sections having high stalling
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angles. A study of the "low-solidity" helicopter revealed
that, although higher rotor-tip speeds than for the tynical
helicopter are required (for a given limiting forward
speed) because of the decrease in solidity, lmproved
hovering performance could be obtained by employlng lower
tip speeds than are now in use,

For elther the typlcal or the low-solilidity hell-
copter, after the tip speed has been reduced to the point
where tip stalling will occur at maximum forward speed,
some further improvement in havering performance may be
obtained by using still lower tip speeds. If a single
engine-to-rotor gear ratio 1s used, however, the reduc-
tion in maximum forward speed due to tip stall is
extremely rapid.

The impossibility of obtainlng hovering performance
reasonably near the optimum together with relatively high
forward speeds with a single gear ratio 1s illustrated by
the "high-speed" helicopter. A gear shift that enables
full power to be drawn at low tlp speeds 1n hovering
flight and at high tip speeds in maximum-forward-speed

A flight appears to be mandatory for obtalning both high
speeds and near-optimum hovering performance,

INTRODUCTION

Generalized treatments of helicopter rotor theory
have long indicated that, for a given disk loadling and
solidity, the cholce of rotor-blade tip speed greatly
affects the performance of helicopters in the hovering
and forward-flight conditions and thet the tip-speed
requlrements in the two flight conditlions are confllcting.
Theory has shown that optimum hovering performance 1s
obtained when the blade elements are operating near the
stalling angle of attack (fig. 3 of reference 1), This
condition results from the fact that, 1f the chord ls
fixed but the tip speed can be varied, profile-drag power
1s a minimum when the blade sectlions operate at an angle
of attack such that the ratio of the cube of the 1ift
coefflcient to the square of the profile-drag coeffilclent
1s a maximum. It may be concluded from figure 1 that
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this conditlon occurs near the stalling angle for con-
ventional sections. Flight teats have supported the

" theoretical conclusions in that minlmum. power for.a fixed

statlc thrust was required when the hellcopter was
operating at the lowest tlp speed that was consldered

safe wlithout the use of an automatic pitch-control mecha-
nism (unpublished data). Although the same angle-of-
attack requirement holds true in the forward-flight con-
ditlon, . tip speeds must be relatlively higher than those
used in hovering in order to avold stalling the retreating
blade and thus prevent the lncreased vibration, loss of
control, and loss of rotor efficiency assoclated with tip
stall.

In order to determine whether an increase in hovering
performance of current hellconters could be obtalned by
reducing tne -rotor-tip speed without unduly limiting the
maximum forward speed, a specific study of tne effect of
tip speed on the hovering mnerformance and limlting forward
speed o»f several typlcal desligns was belleved to be of
value. Several designs were studied 1n order to 1llustrate
the effect of changes 1n hellcopter design purameters on
the cholce of tip svpeed for a particular fllight condition.

SWBOLS
w gross welght of hellcopter, pounds
R radius of maln-rotor blades measured from axis of

rotation to tip of blades, feet
Q angular veloclty of maln rotor, radians per second

mass density of alr, slugs per cubic foot

T rotor thrust, pounds
. T
Co thrust coefficlent — > 5
P(OR) 2R
Qo rotof profile-drag torque, foot-pounds

Q1 I1nduced rotor torque, foot-pounds
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torque requlired to change the potential energy
of the helicopter (climb condition), foot-
pounds

total torque, foot-pounds (Qo + Qg + QP.E.)

2
profile-drag torque coefflclent <F————9———-
P(QR)2mRI

(CQi' CQP - » and Cy are llkewise defined
as Q, Qpp., or @ dlvided by p(QR)ZnE3)

distance of a rotor-blade element from axis of

rotation, feet
qu cré dr
8]

%

eaquivalent chord, feet

\ ré dr
\ ilo

rotor-blade chord at radius r, feet

number of blades

beg
rotor solidity TR

rate of vertical climb, feet per second

induced inflow velocity parallel to axis of rota-
tion, feet per second

total flow through rotor disk, feet per second
(Vy + V)

slope of curve of 1lift coefflclent against sectlon
angle of attack (radian mesasure), assumed to

be 5.73

section angle of attack, measured from line
of zero l1lift, rudians
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@(1.0)(270°) section angle of attack at tip of retreating
S .. . ... blade at 270° azimuth angle, radlans

cd, ' section profile-drag coefficient

8os 8715 62 coefficlents used in defining the profile-
drag curve cq, = 8o * 63105 *+ 52“0

cy section 1li1ft coeffliclent

0 blade-section pitch angle, radlans

8p blade-tip pltch angle, radians

"] _ induced angle of attack, radians (%%)

@ induced tlp angle of attack, radians

SAMPLE DESIGNS STUDIED

The design characterlistics of the three helicopters
studlied are as follows:

|
Gross |[HMaln-rotor | o . .. Rotor g:::ii%g_
Type weight {shaft power diameter
(1b) (hp) solidity (ft) drag aresa
P (sq ft)
Typlcal 2700 200 0.060 L1 15
Iow-solldlty| 2700 200 045 La 15
High-speed 3300 300 .060 L1 6

Blade plan form: Rectangular
Blade twlst: -8° (in forward-flight calculations)

Rectangular blades were used 1in the calculations
because of the ease 1n calculating the performance char-
acteristics of nontavered blades. The differences 1in
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performance incurred by using a nontapered plan form
rather than the more commonly used tapered plan form are
not expected to be of suffilclent magnitude to affect the
general conclusions drawn from this analyslis, especlally
in view of the comparatlve nature of the calculations
presented. The cholcs of blade twlat in the celculations
of vertical and forward Ilight 1s discussed 1n the section
"Method of Analysis.,"

The brake horsepower corresponding to the maln-rotor
shaft power llsted can be computed by assuming a gearing,
conling, and tall-rotor loss of 20 percent.

The parasmeters for the "typicael" helicopter were
chosen to lllustrate a helicopter of current design. The
"low-solidity" differs from the typlcal helicopter only
in a 25-percent reduction in solidity and was chosen to
1llustrate the effect of solldity on the choice of com-
promise tip speeds. This cholce of a single tip speed
for a particular design 1s affected by the amount of
power and the cleanness of the fuselage, lnasmuch as less
Increase 1n tip speed for forward flight 1s necessary 1if
low power and high parasite cdrag limit the speed of the
helicopter at the start. Thus a "high-speed" helicopter
was chosen, the parameters of which represent a design
that might be evolved when an appreciable increase in
helicopter raximum forward speed 1s deslred. Because of
the 50-percent increase 1in power cver that of the typlcal
example, the welght of the helicopter was lncreased to
2300 pounés (corresponding to a dlsk loading of
2.5 1b/s3 ft) in order to take advanisge of the lncreased
avallable statlc thrust and to allow for the addltional
structural and engine welght necessitated by the increased
power.

METHOD OF ANALYSIS

Hovering and Vertical-Flight Performance

The performance of the sample helicopters in the
hovering and vertical-flight conditions was computed as
a functlon of tip speed by means of the general perform-
ance equation derived 1n the appendix. The development
of the equation was based on assumptions simllar to those
used in deriving the forward-flight performance equations
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of references 2 and 3, which are subsequently used to
calculate limiting forward speeds. Speclfically, the
assumptione included: - e e s e

(1) The inflow 1s uniform across the rotor disk. - In
forward flight, uniform inflow l1as assumed to exist regard-
less of blade twist. In the hovering condlition and at
small rates of climb, uniformity of inflow 1s more sig-
niflcant than in forward flight and can be assumed to be
achieved by twisting the blade so that the angle of attack
of each element varles inversely as the distance of the
element from the center of rotation. This pitch variation
13 known as the "ideal" twlist and has been adonted hereln
for the study of vertical flight.

(2) The profile characteristics of the blade elements
can be represented by a three-term power serles. The
equation representing the section profile-drag coeffl-
cient 1s therefore expressed as

Cdy = 8o * 6305 + 520-02 (1)

where ay 1s the sectlion angle of attack measured from
the 1line of zero 1ift and the coefficlents &5, 85,

and 6, define the shape of the drag curve and the magni-
tude of the drag coefflcient. For the example presented
in this report, the varlation of profile-drag coefficlent
wlth angle of attack used in both the vertlcal- and
Forward-flight performance calculations is represented by

eq, = 0.0087 - 0.0216a, + 0.L400a,? (2)

The corresponding proflle-drag curve 1s shown 1in figwe 1
and represents conventional semismooth alrfolls (drag oi
smooth alrfolls increased by a roughness factor of

17 percent). This curve ylelds a minimum profile-drag
coefficlent of 0.008l. and 1s representative of well-bullt
plywood blades.

It should be noted that, for a glven helicopter, the
varlation of calculated vertlcal-fllight performance with
tip speed 1s a function of rotor profile drag only and
therefore 1s dlrectly dependent upon the drag curve.
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Conasequently the cholce of operating tip speeds arrived
at by calculations comparing vertical and maximum-~forward-
apeed flight, such as are presented in this report, will
dgepend on the drag curve used. In general thls choice
will become more crltlicul with an iancrease in magnitude

of the values of drag coefflclent.

(3) The blaie elements beyond 0.97 radlus are ussumed
to produce profile drug but no thrust. In order to bte
consistent with the assumptions used in the forwvard-Ilight
analysls, the entire rotor disk was used in calculating
induced lnasses, even though the rslative Importance of
these losses is greater 1n hovering flight.

Conslistent with these assumptions, the general per-
formance equatlion for the vertical-climb condition 1is

oq = & 2 ‘(XEZ+ 1%\ _Or
Q< 2 0.941 Y\Cr 0.9k1  2\Qr/ 0.9L1

b 95, + 228 O K02 (7 Cx \?
87° " 3 85 0.941  gay2 \0.941/

(3)

The derivation of this equatlion is given 1n the apnendix.

Equation (3) was used in plotting the vertical-climb
performance charts shown in figure 2(a) for a solliclity
of 0.060 (typical and high-speed cases) and in figure 2(b)
for a solidity of 0.0L5 (low-solldity case). Values of
the coefficients &5, 631, &and ©6p s&aprearing in the
profile-drag equation (equation (1)) were obtained from
equation (2).

ilovering perlormance may be calculsted by means of
the VyAIR = 0 ocurtes in Sigure 2.

The assumption of 1deal twist (or uniform dcwnwash)
results in absolute values of hovering perfarniance that
are higher than would be predicted Ior conventionally
twisted blades. Conslstent errors of thils magnitude
(3 to B percent, depending or the amount of twist
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employed), however, will not appreclably affect the use-
fulness of the comparative calculatlions presented. It
should also be noted that the use of 1deal twist calls
for a changed blade pltch dlistribution with different
thrust coefficients and rates of climb (see equation (AlT7)
of appendix).

The power required for a hellicopter of given welght
operating at varying tlp speeds and the thrust developed
at different tip speeds for . -a given power were computed
for standard ssa-level condltions by means of flgure 2.
The rate of climb for a given avallable power and a given
thrust was also obtained from figure 2 by noting the value
of VyAIR for given values of 2Cy/ca, &nd 2Cp/cao.

With the assumptions used, the profile-drag power -
in the hoverlng and vertical-flight condlitions 1s
1dentical for a rotor assumed to be twisted so as to
produce uniform inflow 1n each condition, inasmuch as the
anzle-of-attack dlstribution is the same in both cases.

Torward-Flight Performance

Aslde from power conslderatlions, the maxlimum forward
speed of the sample hellcopters was assumed to be limlted
by the stalling angle of the retreating plade. Although
this crlterlon 1s not exact, 1t is ln general a good
indicatlion cf the speed at which excessive vapratlion,
loss of control, and sharply lncreassad powsr reduirements
ocecur. This limlting condition 1s borae ouv by pilots?
observations 1In flight insofar us vibratior end loss of
control are concerned (unpublished data); anc theoretical
investigations based on graphical analysis indlcate that
the reduction 1n rotor efficlency foliowing tip stall is
great enough to place a practlcal 1llmlit on the forward
speed of the alrcraft (reference 1l).

At a gilven rotor-tip speed, disk loadlng, and solldity,

the forward speed at whlich tlp stall occurs is a functlion
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of the vlade design. If uniform inflow is assumed, the
only slignificant factors are the blade twlst und the air-
foll section employed. The effects of twist and airfoil
section are lllustrated by figure 3, which shows the dif-
ference in limiting speed for blades having 0° twist

and -8° twist at 1imitinzg tip angles of 120 and 16°
(neesured from the line of zero 1lift). The calculutions
were made for an altltude of 5000 feet, which was assumed
to be the highest altitude at whicun top speed would fre-
quently be malntained. The calculations for 0° twist
were comvputed by means of the performance charts presented
in reference 3, and those for -8° twist were based on
similar unpublished charts. The inbcard stalling lirdts
that were used 1ln reference 3 In addltion to the tip

" stalling limlts have been 1lgnored in the present treat-
ment. The simpliflcatlion in the presentation 1s belleved
to be Jjustiflied inasmuch as the tlp stalling limits occur
prior to the intoard 1limits at and above the maxlmum
forward speed Indlcated 1ln each of the examples given.
Likewise, no Mach number limits are shown. Calculations
for the sample high-speed hellicopter give a maxlmur Mach
numsber of 0.78 Ffor the aivancing bdlude tip &nd 0.33 for
the retreating blacde tip at full power when operating at
the 12° limiting angzle. Present xnowledsge of compressl-
bility phenomena Indlcate that these values are not
beyond the practical operating range. The highest blade
Yach numbers occur at azimuth angles at which the sectlon
angles of attack are lowest (udvancing blade), whereas the
lowest Mach numbers occur at the higher angles of attack
(retreating blade). Thls conditlion tends to equalize the .
effects of compressibllity around the rotor disk.

Flgure % shows that at the currently used tip speed
of 500 feet per second for full power, -8° twist extends
the 1limiting forward spmeed by 11 miles per hour when the
stalling angles 5f the tip sections occur &t 16° and by
16 miles per hour when the stalling ungles occur at 120,
Thlis figure also indicaetes that the substlitutlion of &
secti%n providing an increasze in stalling angle from 12°
to 16° raises the 1imlting speed by about 20 miles per
hour. In turn, the stalling angle of a sectlon depencs
on such factors as camber, leading-edge radlus, &and
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thickness of the airfoll section employed. An increase
in stalling angle (as measured from the line of-zero 1ift)
"“of several degrees might be achlieved, .for example, by the

substitution of the NACA 23012 alrfoll section for the
RaCA 0012 sectlon. ' _

The 'Importance of twist and proper alrfoll sectlon
in delaying tip stall and thereby lncreasing the limiting
forward speed 1s thus apparent. Conversely, if a given
limiting speed 1s chosen,a lower tip speed may be used,
with resulting gains in hovering performance. Because
twist can thus be used to reduce the necessity for com-
promlse between hovering performance and maxlmum forward
speed when a flxed tip speed (single gear ratlio) 1s used,
the sample calculatlons were made for blades lncorpo-
rating -8° twist.

RESULTS AND DISCUSSION

Calculations of 1limlting forward speed and hovering
performance for the typlcal, low-solidity, and high-speed
example helicopters are shown in figures [, 5, and 6,
respectlvely. The ends of the solid parts of the
limiting-forward-speed curves in figures Li(a), 5(a),
and 6(a) indicate tne limits of avallable power for the
sample hellcopters. PFor the typlcal and low-solldlty
hellcopters, the 200 horsepower avallable at the main-
rotor shaft at sea level 1s assumed to be reducsd to
170 horsepower at an altitude of 5000 feet 1f =n unsuper-
charged engine 1s used. FIor the high-speed exunrle hell-
copter, the 300 horsepower avallable at sea lavel was
assumed to be malntained at an altitude of 5000 feet by
supercharging.

Typical Hellcopter

Figure L. 1llustrates the conflicting tip-speed
requlrements of vertlcal and forward flight. Thls figura
shows that the loss 1n maximum forward speed due to a
reduction in tlp speed 18 raplid throughout the entlre
tip-speed range if the maximum forward speed is not
limited at any speed by the low avallable.power or by
high paraslite drag. The comblnation of low-power limlta-
tion and relative flatness of the vertical-flight perform-
ance curves In the low-tip-speed range enables a compromise
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tip speed to be chosen so that neither vertical-flight
performance nor maximum forward speed 1s greatly curtalled.

For the typlcal helicopter current practice
would place the tlp speed corresponding to maximum power
at approximately 500 feet per second. Figure l. showsa
that lmproved hovering perfor:ance can be obtalned by the
use of a lower tip speed without any loss of maxlimum
forward speed, provicded that blade twlst and an alrfoil
section having & high stalling angle are lncorporated.
If 1t were assumed that the rotor-blade tip sectlons had
a stalling angle of 16°, a reduction in tip speed from 500
to 15 feet per second would cause no reduction in meximum
forward speed (because of insufficient power to take
advantage of higher tip speeds) and the hovering perform-
ance would be increased as follows: a decrease of
13 horsepowsr (£.1 percent) in power required for hovering
at fixed weight, or an increase of 150 pounds (L.5 percent)
in thrust avallable at fixed power (200 hp), or an increase
of 215 feet per minute (26.7 percent) in rate of vertical
climb at fixed welizht and power. These chenges are more
significant when useful losd 1s consldersd; for example,
although an lncrease 1ln take-off thrust of 150 pounds 1is
only a li.5-percent incresase in total thrust, it represents
approximately 25-percent increase In useful load for
current helicopters. If the 12° limiting angle were
adhered to (present desligns operate near this condition
at top speed), the maximum forwerd speed would be reduced
by 16 miles per hour, 1f the saume imrrovement in hovering
performance 1s desired. In this case, the compromlise tip
speeé of l1;5 feet per second would be strongly in favor
of the hoverling performance.

Small additlonal galns in vertical-flight performance
could be obtained by using still lower tip speeds such as
LLOO feet per second, but these gains would be obtained at
great expense in limiting forward sveed. For example, if
the sempnle hellcopter were flylng at a limlting tip angle
of 169, a dscre&se in tip speed from Ll}J5 feet per second
to j00 feet ver second would result in a decrease in
maximum forward speed of 22 mlles per hour.

Low-Solldity Helicopter

Comparison of figure 5 with figure 4 indicates that
if operation at the same limiting angle of attack is
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agsumed for both soliditles, the maximum forward speed at
5000 feet for 170 horsepower and the vertical-flight per-
formance (at the tip speeds corresponding to the maximmm
forward speeds at the limiting angle of attack) are
virtually the same (within 1 percent) for the two solidities
compared. The tlp apeeds for corresponding limiting-
forward-speed conditlons, however, are of course ihcreased
for the hellcopter of lower solidity. The improvements

in hovering performance that may be made by reducing the
tlp speed as a result of operating at higher tip angles

of attack (for example, by using a limiting angle of
attack of 16° as compared with 12°) are found to be .
practically the same as for the 0.060 solidity. Also,

as was true with the higher solldity, small addlitional
gains 1n vertical-flight performance may be had by
operating at tlp speeds below those set by adhering to a
limiting angle of attack of 16° in forward flight at full
power but only at great expense 1n limlting forward speed
as long as a fixed gear ratio is used.

The almost 1dentlical performance obtained in both
hovering and forward flight for the two soliditieém, when
the tlp speeds are adjusted to glve the same limlting
forward speed, should not be taken as representing a
general rule inasmuch as several compensating effects are
involved, the relative magnlitude of which will change
when different values are chosen for the various param-

. eters. For the present example, however, the cholce of
the comblnation of tlp speed and solidlty would depend

on other factors, such as regulred spar depth, relatlve
Importance of stresses due to torque and centrifugal
force, performance in autorotation, and endurance and
maximum rate of climb in forward flight. Further, when
the maximum forward speed of helicopters becomes high

- enough to result in reaching critical Mach numnbers at

: the blade tips, relatively high soliditles will be needed
in order to reduce the tip speed required by the stallling
limits.

High-Speed Hellcopter

As the general performance characteristics of the
helicopter are improved, the demand for relatively high-
speed flight will result in the use of high-powered,
cleanly designed machines. Figure 6 shows that 1f the
avallable power 1s to be fully utilized in both hovering
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and high-forward-speed flight with this type of hell-
copter, a compromise tip speed will give satisfactory
performance at one end of the speed range only at great
expense 1n performance at the other.

If the engline were supercharged to give a critical
altltude of 5000 feet or more, the power avallable for the
caseé consldered would be 300 horsepower, which would
result in a possible top speed of 166 riles per hour for
a limlting stalling angle of 12°. If & tivp speed cof
606 feet per second, which corresponds to this speed and
limiting stalling angle, is used, the hovering performance
wlll be greatly reduced from tnat avallable &t lower tip
speeds. TFor exarmple, the hovering psrformance as compared
withthat for a tip speed of LLOO feet per second would be
reduced as follows: an Increase of 55 horsepowsr
(30 percent) in power required t» hover at {ixed weight,
or a decrease of 490 pounds (10 percent) in thrust
available at fixed power (300 hp), or a decrease of
680 feet per minute (39 percent) in rate of vertical
climb st fixed welght and power. These increments would
be reduced to about two-thirds of the values given 1f a
limiting angle of 16° instead of 12° were chosen. If
continuous operation at or near maximum forward speed 1s
desired, 1t apvears possible that the choice of limiting
angle may be dictated by consliderations of vibration, at
least untlil there are further developments 1n. vibration
absorption. When the cholce 1s made on this basls, the
limiting angle may be appreciably lower than the =stalling
angle of the sectlon.

If both high-speed and nsar-optimum hovering per-
formnance are deslired, the advantages of a geur shift that
enables full enzine power to be drawn at two tlin speeds
becomes appurent. For the case just consldered a tip
speed of [;00 feet per second would be ckosen for the
hovering condition anéd 600 feet per second for the high-
speed flight condltlion; thus the loss in vertlical-flight
performance 1ndicated in the prevlious parazraph would be
avolded and the limlting forward speed would not be
lowered.

CONCIUSIONS

The calculatlions of vertical-flight performance and
limiting forward speed (as set by tip stall) made for
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three sample hellcopter desligns indicate the following
conclusionS{_ e

l. The hoverling performance of helicopters typical
of current design can be improved without unduly limiting
the forward speed by the use of lower rotor-tip speeds at
the maximum power output of the engine, inasmuch as the
maximm forward speed is fixed by avallable power rather
than by tip-staell consideratlons. For example, for the
typlcal hellcopter considered, 1n which advantage was
taken of blade twlst and an airfoll section having a
high stalling angle, lowering the tip speed from 500
to L5 feet per second results in 8 percent less power
required to hover at fixed welght. This reduction 1s
equlvalent to an lncrease of 5 percent in thrust at fixed
power, or an increase of 27 percent 1n rate of vertical
clinmb at fixed welght and power,

2. For a glven limiting forward speed and with a
single gear ratlo, the 1lncorporation of blade twlst and
the use of alrfoll sectlons having high stalling angles
Increases the rotor vertlical-flight performance by
permitting the choice of a lower tip speed.

2« Further improvement 1n vertical-flight performance
may be obtalned by reducing the tip speed below the value
at which tip stall 1n forward flight limlts the maximum
forward speed of the machine. The reduction in mexirmm
forward speed due to tlp stall, however, l1s extremely
rapld when a single .englne-to-rotor gear ratlo 1s used.

li. When the rotor solidity 1s reduced, equivalent
performance in both hoverling and forward flight is
obtalned at higher tip speeds than those requlred by the
higher-solidity rotor. The tip-speed requirements for
the two flight conditlions still conflict, however,
inasmuch as the difference 1n tlp speed required fer
optimum hovering performance and for a glven limliting
forward speed l1s slilmlilar for the two solidlties.

5. For hligh-powered, cleanly deslgned machlnes,
relatively high forward sveeds and near-optimum vertlcal-
flight performance can be obtained only through the use
of a gear shift that enables full power to be drawn at
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low tip speeds 1n vertlical flight and at high tip speeds
in meximum-forward-speed flight.

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Fleld, Va.
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| APPENDIX

[

DERIVATIOK OF PERFO?MANCE EQUATICNS FOR CONSTANT-CHCRD,
IDEALLY TWISTED BLADE IN VERTICAL-CLIMB CONDITION

From simple blade-element theory, the expression for
the differential 1ift on a rotor-blade element operating
at a distance r from the axis of rotation may be written
as

dr = b%p(ﬂr)zclc dr (A1)
Since
C; = 8%
= 6 - .E_
&0( Gr

equation (Al) becomes
ar = Epﬂzrzq,(a --E-)c dr (A2)
2 \ Qr

The differential 1ift on the blacde element may also be
written from momentum considerations as
dT = lmwpuvr dr (A3)

Equating expressions (A2) and (A3), letting u = Vy + v,
and solving for v glves

v =

/ A

vV

(vv...b“fp) -1+\l+hnvzﬂrca-nzzaoﬂ ()
v + ——

2 167
—
bea, v 16m
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When the ezﬁressions for 6. and "x are substituted,

equation (AL ) becomes
v : ' 2(x6QR - V
v = /-—V+.G_a.20_3\ -1 + ’1-«_— Z(Q v) (45)
\2 16/ V LI.VV +V+O&J)R
oafIR v 16
Since
Vv + v
g = xR

the general expresslon for the lnduced angle of attack of
a blade element 1is

V' Cca 2(xX8 - V
g = (va ¥ 16°> B Y 2( Z + X (46)
X caflR QR
’-I—Vv + Vo + 8

oafIR v 16

The ldentlcal expression may be derived by means of vortex
thsory.

Equation (A5) shows that the downwash veloclty may

be made i1nderendent of the radial location of the blade
¢

element by setting 8 = 3§, where 67 1s the blade-tip
pltch angle. This blade-angle dlistribution 1s known as
the "ideal" twist, inasmuch as the induced-energy loss
becomes a minimum wlith uniform downwash. For the case of
i1deal twist, equation (A6) then becomas

v oa 2(QR3m - V v
g == (%) [y ez V) ) T
2R 16 Lv 2 oa IR | Ok

+ V, +

o8fR M 16
(A7)
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The total thrust produced by the rotor may be written

0.97 o ' _
T =f b-énaRz‘aox(eT - #r)e ax (A8)
0 .

The upper limit of the integral 1ls taken as x = 0.97
instead of x = 1.0 1in order to take into account ths
loss of thrust at the rotor tlp. As explsained in the
section entitled "Method of Analysis," this limit was
chosen to make the procedure conslstent with the forward-
flight treatment of references 2 and 3. For the same
reason, the limit of integratlon has been taken as x=1.0
in deriving the torque exvressions. Zvaluating the
integral in equation (AS) and equating 1t to the thrust
expressed by

T = CpMREP(OR)2
yields

Co -
0.9L1

ﬁﬂo(er_ﬂ - @m) (A9)

where @p 4is given by equation (AT7).

The induced plus potential-energy torque may be
expressed as

1l
Qi + QP.E. =f b-gQZR"*aox(eT - ¢T)¢T° dx (410)
0

Equation (Al10) gives an expression for induced-torque
losses and the torque expended in changing the potential
energy of the helicopter when climbing. Integrating the
right-hand member of equation (Al0) and equating it to
the torque expressed by
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QL + Qp.g, = (ch + cQ'P.E.)wRZP(QR)ER

ylelds

CQy * Cqp,g, = ﬁU&oteT - Pp)dp (A1l)

In a simllar way the proflle-drag torjue may be
expressed as

1
Qo = _[; b%ﬂaﬁh'x5ccdo ax (A12)
L

If 1t 1s assumed that the section profile-drag coeffi-
clent is expressed by the function of a,,

Cq, = & + 619% + 80,2

equation (Al2) bescomes

1l [ 5 6
Qozb'ngRh'c f x> 50"'?1(9'1‘- - g) + ;% (8 - ﬂT)ZJd"
0

(a13)

Integrating the righf-hand menter of equation (Al3) and
equating 1t to the profile-drag torque expressed by

Qo = Cg_ "R2P(AR)ZR

ylelds

6

6 o) 2
CQO = %[—l-f- + —;—(BT - Q’T) + 'é"(GT ~ %)2] (A1L)

The tctal torque absorbed by the rotor is the sum of
the lnduced, potential-energy, and profille-drag torgues
and 1s equal to
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b e e e, e me e e 8 "B T B R
CQ=% ,-izo'(e'l' _ gT)ﬂT +-):_l+_5l(eT - ¢T) + —2§(9T-ﬁ1~)2] (A15)

If equations (A7) and (A9) are solved simultaneously,

. 2
) 1 X_ OT
o =3 <ﬂ;> YT

v

v
A (A16)

V] ]

and

2 .
1) Vv Cp L, Cp 1 Vy
m = = — + 2 + 5 —
T=2 \KQR 0.91 98, 0.941 2qQR (A17)

When equations (Al6) and (Al7) are substituted in equa-
tion (Al5),

\2
=1 O j(hey 2 1V O o
@ =250 \K”R) "ok " 2GR o9kt * B

28 Crqp o, [/ Cp 32
£ -1 18
*3 & o.041 0.941, (815)

oay2

The vertlcal-climdb performance of a rotor of par-
ticular solidity and section characteristics may be
calculated at any operating thrust coefficlent by equa-
tion (Al18). Hovering performance is obtalned by setting
Vy¢/QR = O 1in this equation.

The vertical-climb veloclty at a fixed welght and
power can also be obtained from equation (Al8) as

= ar | 2942 (o, VAT AN oy
Vv QR[ Cr (ca %) - 2 b.9u1) Cq, (419)

CQ-

In the use of thls equation CQ 1s calculated from power
avallable and CQg 1s calculated from the last three
fasmr nf ancabinn (A1R).
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